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ON THE FINITENESS OF BASS NUMBERS OF LOCAL
COHOMOLOGY MODULES AND COMINIMAXNESS
KAMAL BAHMANPOUR, REZA NAGHIPOUR∗ AND MONIREH SEDGHI
DEDICATED TO PROFESSOR HYMAN BASS
Abstract. In this paper, we continue the study of cominimaxness modules with respect
to an ideal of a commutative Noetherian ring (cf. [2]), and Bass numbers of local coho-
mology modules. Let R denote a commutative Noetherian local ring and I an ideal of
R. We first show that the Bass numbers µ0(p, H2
I
(R)) and µ1(p, H2
I
(R)) are finite for all
p ∈ SpecR, whenever R is regular. As a consequence, it follows that the Goldie dimen-
sion of H2
I
(R) is finite. Also, for a finitely generated R-module M of dimension d, it is
shown that the Bass numbers of Hd−1
I
(M) are finite if and only if Exti
R
(R/I,Hd−1
I
(M))
be minimax for all i ≥ 0. Finally, we prove that if dimR/I = 2, then the Bass numbers
of Hn
I
(M) are finite if and only if Exti
R
(R/I,Hn
I
(M)) be minimax, for all i ≥ 0, where
n is a non-negative integer.
1. Introduction
Throughout this paper, let R denote a commutative Noetherian ring (with identity)
and I an ideal of R. For an R-module M , the ith local cohomology module of M with
respect to I is defined as
H iI(M) = lim−→
n≥1
ExtiR(R/I
n,M).
We refer the reader to [10] and [6] for more details about local cohomology. An important
problem in commutative algebra is to determine when the Bass numbers of the ith local
cohomology module H iI(M) is finite. In [12] Huneke conjectured that for any ideal I in a
regular local ring (R,m, k), the Bass numbers
µi(p, H iI(R)) = dimk(p) Ext
i
Rp(k(p), H
i
IRp(Rp))
are finite for all i and j, where k(p) := Rp/pRp. In particular the injective resolution of
the local cohomology has only finitely many copies of the injective hull of R/p for any p.
There is evidence that this conjecture is true. It is shown that by Huneke and Sharp
[13] and Lyubeznik [16, 17] that the conjecture holds for a regular local ring containing
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a field. We remark that the Bass numbers might be infinite if R is not regular. For
example, if I := (x, y)R ⊆ R := k[x, y, z, w]/(xz − yw), then µ0(m, H2I (R)) = ∞ for
m := (x, y, z, w)R (see [11]).
We say that M is a minimax module if there is a finitely generated submodule N of M ,
such that M/N is Artinian. The interesting class of minimax modules was introduced by
H. Zo¨shinger in [23] and he has in [23] and [24] given many equivalent conditions for a
module to be minimax. Finally, the R-module M is said to be an I-cominimax if support
of M is contained in V (I) and ExtiR(R/I,M) is minimax for all i ≥ 0. The concept of
the I-cominimax modules were introduced in [2] as a generalization of important notion
of I-cofinite modules.
The main subject of the paper is to continue the study of I-cominimaxness properties
and the finiteness of Bass numbers of local cohomology modules. First, we provide a
partial answer to Huneke’s conjecture. Namely, it will be shown that the Bass numbers of
µ0(p, H2I (R)) and µ
1(p, H2I (R)) are finite for all ideals I in a regular local ring R and for
all p ∈ SpecR. Pursuing this point of view further we establish the R-module H2I (R) has
finite Goldie dimension. Recall that anR-moduleM is said to have finite Goldie dimension
if M does not contain an infinite direct sum of non-zero submodules, or equivalently the
injective hull E(M) of M decompose as a finite direct sum of indecomposable (injective)
submodules.
Since the Bass numbers of the local cohomology modules H iI(M) are not finite in
general, several attempts made to find some conditions for the ideal I to have finiteness
for the Bass numbers of the local cohomology modules with support in I in terms of
I-cominimaxness properties. The following result is in this way:
Theorem 1.1. Let (R,m) be a local (Noetherian) ring, I an ideal of R and M a finitely
generated R-module of dimension d. Then the Bass numbers of Hd−1I (M)/Γm(H
d−1
I (M))
are finite.
One of our tools for proving Theorem 1.1 is the following:
Proposition 1.2. Let (R,m), I and M be as in Theorem 1.1. Then H1m(H
d−1
I (M)) is an
Artinian R-module, where d = dimM .
Pursuing this point of view further we derive the following consequence of Theorem 1.1.
Theorem 1.3. Let (R,m) be a local (Noetherian) ring, I an ideal of R and M a finitely
generated R-module of dimension d. Then the following conditions are equivalent:
(i) The Bass numbers of Hd−1I (M) are finite.
(ii) Soc(Hd−1I (M)) is finitely generated.
(iii) Hd−1I (M) is I-cominimax.
As the second main result of this paper we obtain a characterization of the finiteness
of Bass numbers of ith local cohomology modules of M with respect to I of dimension 2,
i.e. dimR/I = 2. More precisely we shall show that:
Theorem 1.4. Let (R,m) be a local (Noetherian) ring and let I be an ideal of R with
dimR/I = 2. Let M be a finitely generated R-module and i a non-negative integer. Then
the Bass numbers of H iI(M) are finite if and only if the R-module H
i
I(M) is I-cominimax.
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The proof of Theorem 1.4 is given in 2.17. As an application, we derive the following
consequences of Theorem 1.4, which is a characterization of I-cominimaxness of H iI(M)
in terms of finiteness of Bass numbers of local cohomology modules H iI(M) for certain
ideal I of R.
Theorem 1.5. Let (R,m) be a local (Noetherian) ring, and let I be an ideal of R such
that dimR/I = 2. Let M be a finitely generated R-module and t a non-negative integer.
Then the following conditions are equivalent:
(i) SocH iI(M) is finitely generated for all i ≤ t.
(ii) ExtjR(R/m, H
i
I(M)) is finitely generated for all j ≥ 0 and all i ≤ t− 1.
(iii) H iI(M) is I-cominimax for all i ≤ t− 1.
Using Theorem 1.5 we obtain some results as following:
Corollary 1.6. Let (R,m) be a regular local ring of dimension d ≥ 2 containing a field
and let I be an ideal of R with dimR/I = 2. Then the R-module H iI(R) is I-cominimax
for all i ≥ 0.
Corollary 1.7. Let R be a Noetherian ring, M a finitely generated R-module and I an
ideal of R such that dimM/IM = 2. Let
Σ := {p ∈ SpecR : µj(p, H iI(M)) =∞ for some integers i ≥ 0 and j ≥ 0}.
Then Σ is countable and Σ ⊆ Max(R).
Corollary 1.8. Let (R,m) be a local (Noetherian) ring, M a finitely generated R-module
and I an ideal of R such that dimM/IM = 3. Then the set
Σ := {p ∈ SpecR : µj(p, H iI(M)) =∞ for some integers i ≥ 0 and j ≥ 0},
is countable.
Throughout this paper, R will always be a commutative Noetherian ring with non-zero
identity and I will be an ideal of R. For each R-module L, we denote by AsshRL (resp.
mAssRL) the set {p ∈ AssR L : dimR/p = dimL} (resp. the set of minimal primes of
AssR L). We shall use MaxR to denote the set of all maximal ideals of R. Also, for any
ideal a of R, we denote {p ∈ SpecR : p ⊇ a} by V (a). Finally, for any ideal b of R, the
radical of b, denoted by Rad(b), is defined to be the set {x ∈ R : xn ∈ b for some n ∈ N}.
For any unexplained notation and terminology we refer the reader to [6] and [18].
2. The Results
Let (R,m) be a local (Noetherian) ring and I an ideal ofR. As noted in the introduction,
it is well known that the Bass numbers µi(p, H2I (R)) are finite whenever R is a regular
ring containing a field. Our first result shows that if R is regular, then µi(p, H2I (R)) is
finite for i ∈ {0, 1}.
Theorem 2.1. Let (R,m) be a regular local ring and I an ideal of R. Then the Bass
numbers µ0(p, H2I (R)) and µ
1(p, H2I (R)) are finite for all p ∈ SpecR.
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Proof. In view of [5, Proposition 2.20] the Rp-modules Ext
j
Rp
(κ(p), H iIRp(Rp)) are finitely
generated for all j ≥ 0 and i = 0, 1. Hence it follows from [15, Corollary 3.5] that
µ0(p, H2I (R)) and µ
1(p, H2I (R)) are finite. 
As a corollary of the previous theorem, we deduce that the Goldie dimension of H2I (R)
is finite.
Corollary 2.2. Let (R,m) be a regular local ring and I an ideal of R. Then the R-module
H2I (R) has finite Goldie dimension.
Proof. As AssR(H
2
I (R)) is finite, by [4, Theorem 2.4], it follows from Theorem 2.1 and
the definition that H2I (R) has finite Goldie dimension. 
For an arbitrary R-module M , the next reult gives us a necessary and sufficient condi-
tion for the finiteness of µi(p,M), the Bass numbers of M , in terms of the minimaxness
of ExtiR(R/I,M). Recall that for any module L over a local ring (R,m), the socle of L,
denoted by Soc(L), is defined to be the R-module HomR(R/m, L).
Theorem 2.3. Let (R,m) be a local (Noetherian) ring and I an ideal of R such that
dimR/I = 1. Suppose that M is an R-module and n ≥ 0 an integer. Then the following
conditions are equivalent:
(i) µi(p,M) is finite for all p ∈ V (I) and for all i ≤ n.
(ii) ExtiR(R/I,M) is minimax for all i ≤ n.
Proof. First we show (i)=⇒(ii). Let q ∈ mAssR(R/I) and i ≤ n. Then q 6= m, and so
Rad(q + Rx) = m for all x ∈ m\q. Hence it follows from [7, Proposition 1] that the R-
module ExtiR(R/q+Rx,M) is finitely generated for all i ≤ n. (Note that Ext
i
R(R/m,M)
is finitely generated for all i ≤ n.) Now, for x ∈ m\q the exact sequence
0→ R/q
x
−→ R/q −→ R/q+Rx→ 0,
provides the following exact sequence:
ExtiR(R/q+Rx,M) −→ Ext
i
R(R/q,M)
x
−→ ExtiR(R/q,M),
which implies that the R-module Soc(ExtiR(R/q,M)) is finitely generated, for all i ≤ n.
On the other hand, if L := ExtiR(R/q,M), then as by assumption the Rq-module Lq is
finitely generated, it follows that there exists a finitely generated submodule K of L, such
that (L/K)q = 0, and so Supp(L/K) ⊆ V (m). Finally, the exact sequence
0→ K −→ L −→ L/K −→ 0.
induces the exact sequence
Soc(L) −→ Soc(L/K) −→ Ext1R(R/m, K).
Hence the R-module Soc(L/K) is finitely generated. Consequently in view of [19, Propo-
sition 4.1] the R-module L/K is Artinian, that is L is a minimax R-module. Now, the
assertion follows from [2, Corollary 2.8].
In order to prove (ii)=⇒(i), use [2, Corollary 2.8] and the definition of the minimax
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modules. 
Corollary 2.4. Let R, I and M be as in Theorem 2.3. Then the following conditions are
equivalent:
(i) µi(p,M) is finite for all i ≥ 0 and all primes p ∈ V (I).
(ii) ExtiR(R/I,M) is minimax for all i ≥ 0.
Proof. The result follows from Theorem 2.3. 
Corollary 2.5. Let (R,m) be a local (Noetherian) ring. Let I and J be tow ideals of R
such that dimR/I ≤ 1 and dimR/J = 1. Then the R-modules ExtiR(R/J,H
j
I (R)) are
minimax for all integers i, j ≥ 0.
Proof. The assertion follows from [5, Corollary 2.10] and Theorem 2.3. 
Before we state the next corollary, recall that for an ideal I of a commutative ring R,
the ideal transform DI(R) of I defined by
DI(R) := lim−→
n≥1
HomR(I
n, R).
See [6, Section 2.2] for the basic properties of ideal transforms.
Corollary 2.6. Let (R,m) be a regular local ring and let I, J be two ideals of R such that
dimR/I = 1. Then
(i) For any integer i ≥ 0, the R-modules ExtiR(R/I,DJ(R)) and Ext
i
R(R/I,H
1
J(R)) are
minimax.
(ii) The R-modules HomR(R/I,H
2
J(R)) and Ext
1
R(R/I,H
2
J(R)) are minimax.
(iii) For all integers i, j ≥ 0, the R-module ExtiR(R/I,H
j
J(R)) is minimax, whenever R
contains a field.
Proof. (i) follows from [5, Proposition 2.20] and Theorem 2.3. In order to prove (ii) use
Theorems 2.3 and 2.1. Finally, (iii) follows from Corollary 2.4 and [13, 17]. 
In order to state next results, we need here some preliminary results about the Artini-
aness of local cohomology modules.
Theorem 2.7. Let (R,m) be a local (Noetherian) ring and I an ideal of R such that
dimR/I = 2. Then for any finitely generated R-module M , the R-module H1m(H
i
I(M)) is
Artinian for all i ≥ 0.
Proof. Since dimR/I = 2, there exists x ∈ m such that dimR/I + Rx = 1. Let J :=
I + Rx. As H1m(H
0
I (M)) is Artinian, we may assume that i ≥ 1. Then by [21, Corollary
1.4], there exists the following exact sequence,
0→ H1J(H
i−1
I (M))→ H
i
J(M)→ H
0
J(H
i
I(M))→ 0.
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Now, as dimH1J(H
i−1
I (M)) ≤ 1, it follows from this exact sequence that the sequence
H1m(H
i
J(M))→ H
1
m(H
0
J(H
i
I(M)))→ 0,
is exact, and so by [5, Corollary 2.16] the R-module H1m(H
0
J(H
i
I(M))) is Artinian. On the
other hand, since dimR/J = 1 there exists y ∈ m such that J +Ry is m-primary and so
H1J+Ry(H
0
J(H
i
I(M))) = H
1
m(H
0
J(H
i
I(M))),
is Artinian R-module. Moreover, using again [21, Corollary 1.4] it follows that the se-
quences:
0→ H1J(H
i
I(M))→ H
i+1
J (M)→ H
0
J(H
i+1
I (M))→ 0,
0→ H1J+Ry(H
0
J(H
i
I(M)))→ H
1
m(H
i
I(M))→ H
0
J+Ry(H
1
J(H
i
I(M)))→ 0,
are exact. Now, since by [5, Corollary 2.16], H0J+Ry(H
i+1
J (M)) is Artinian, it follows that
H0J+Ry(H
1
J(H
i
I(M))) is Artinian. Consequently the R-module H
1
m(H
i
I(M)) is Artinian, as
required. 
Theorem 2.8. Let (R,m) be a local (Noetherian) ring, I an ideal of R and M a finitely
generated R-module of dimension d ≥ 1. Then H1m(H
d−1
I (M)) is an Artinian R-module.
Proof. We use induction on d. When d = 1, there is nothing to prove. Now suppose
that d > 1 and the result has been proved for non-zero finitely generated R-modules of
dimension d − 1. By replacing M by M/ΓI(M) we may assume that M is a non-zero
finitely generated I-torsion-free R-module. Then, by [6, Lemma 2.1.1], the ideal I contains
an element x which is a non-zerodevisor on M . Hence the exact sequence
0 −→M
x
−→ M −→M/xM −→ 0
induces an exact sequence
· · · −→ HjI (M)
x
−→ HjI (M) −→ H
j
I (M/xM) −→ H
j+1
I (M)
x
−→ Hj+1I (M) −→ · · · .
Therefore we have the following exact sequence,
0 −→ HjI (M)/xH
j
I (M) −→ H
j
I (M/xM) −→ (0 :Hj+1
I
(M) x) −→ 0,
and so it follows from dimM/xM = d − 1 that Hd−1I (M)/xH
d−1
I (M) is Artinian.
Moreover, by the inductive hypothesis, the R-module H1m(H
d−2
I (M/xM)) is Artinian.
Next, in view of [20, Corollary 3.3], SuppHd−2I (M/xM) is finite. Hence we have
dimHd−2I (M/xM) ≤ 1. Therefore the exact sequence
0 −→ Hd−2I (M)/xH
d−2
I (M) −→ H
d−2
I (M/xM) −→ (0 :Hd−1
I
(M) x) −→ 0,
provides the exact sequence
H1m(H
d−2
I (M)/xH
d−2
I (M)) −→ H
1
m(H
d−2
I (M/xM)) −→ H
1
m((0 :Hd−1
I
(M) x)) −→ 0.
Hence the R-module H1m((0 :Hd−1
I
(M) x)) is Artinian. Now, from the exact sequences
0→ (0 :Hd−1
I
(M) x)→ H
d−1
I (M)
f
→ xHd−1I (M)→ 0,
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0→ xHd−1I (M)
g
→ Hd−1I (M)→ H
d−1
I (M)/xH
d−1
I (M)→ 0,
we obtain the following exact sequences
H1m((0 :Hd−1
I
(M) x)) −→ H
1
m(H
d−1
I (M))
H1m(f)−→ H1m(xH
d−1
I (M)),
H0m(H
d−1
I (M)/xH
d−1
I (M)) −→ H
1
m(xH
d−1
I (M))
H1m(g)−→ H1m(H
d−1
I (M)).
Then Ker(H1m(f)) and Ker(H
1
m(g)) are Artinian (note that H
1
m((0 :Hd−1
I
(M) x)) and
Hd−1I (M)/xH
d−1
I (M) are Artinian), and the sequence
0→ ker(H1m(f))→ ker(H
1
m(g) ◦H
1
m(f))→ ker(H
1
m(g)),
is exact. Since ker(H1m(g ◦ f)) = (0 :H1m(Hd−1I (M))
x) and ker(H1m(g) ◦H
1
m(f)) is Artinian, it
follows that (0 :H1m(Hd−1I (M))
x) is also Artinian. Whence according to Melkersson’s The-
orem [19, Proposition 1.4] the R-module H1m(H
d−1
I (M)) is Artinian, and this completes
the inductive step. 
Theorem 2.9. Let (R,m) be a local (Noetherian) ring, I an ideal of R and M a finitely
generated R-module of dimension d. Then the Bass numbers of Hd−1I (M)/Γm(H
d−1
I (M))
are finite.
Proof. In view of Theorem 2.8, the R-module H1m(H
d−1
I (M)/Γm(H
d−1
I (M))) is Artinian.
On the other hand, since SuppHd−1I (M) is finite (see [20, Corollary 3.3]), it follows that
dimHd−1I (M) ≤ 1, and so for i ≥ 2, H
i
m(H
d−1
I (M)/Γm(H
d−1
I (M))) = 0. Therefore for
all i 6= 1 we have H im(H
d−1
I (M)/Γm(H
d−1
I (M))) = 0. Consequently, in view of [19,
Corollary 3.10] the R-modules ExtiR(R/m, H
d−1
I (M)/Γm(H
d−1
I (M))) are finitely gener-
ated. (Note that a module is m-cofinite if and only if it is Artinian.) Furthermore, because
of dimHd−1I (M) ≤ 1, it follows that dimR/p = 1 for all p ∈ SuppH
d−1
I (M)/Γm(H
d−1
I (M))
with p 6= m. Since
(Hd−1I (M)/Γm(H
d−1
I (M)))p
∼= (Hd−1I (M))p,
for all p ∈ SuppHd−1I (M)/Γm(H
d−1
I (M)) with p 6= m, it follows that H
d−1
IRp
(Mp) 6= 0, and
so dimMp = d − 1. Consequently H
d−1
IRp
(Mp) is an Artinian Rp-module. Hence for each
i ≥ 0 and each p ∈ SpecR, the ith Bass number
µi(p, Hd−1I (M)/Γm(H
d−1
I (M))) = dimκ(p) Ext
i
Rp(κ(p), (H
d−1
I (M)/Γm(H
d−1
I (M)))p),
is finite, where κ(p) = Rp/pRp. 
The following lemma and proposition will be sueful in the proof of the next main result
of this paper. An R-module M is said to be weakly Laskerian if the set of associated
primes of any quotient module of M is finite (cf. [8, 9]).
Lemma 2.10. Let R be a Noetherian ring and I an ideal of R. Then, for any R-module
T , the following conditions are equivalent:
(i) ExtnR(R/I, T ) is weakly Laskerian for all n ≥ 0.
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(ii) For any finitely generated R-module N with support in V (I), ExtnR(N, T ) is weakly
Laskerian for all n ≥ 0.
Proof. For proving the assertion we use the proof of [14, Lemma 1] and [9, Lemma 2.2]. 
Proposition 2.11. Let (R,m) be a local (Noetherian) ring and M a finitely gener-
ated R-module. Let I ⊆ J be two ideals of R such that dimR/I = 2. Then, for all
i, j ≥ 0, there exists a finitely generated submodule L of ExtjR(R/J,H
i
I(M)) such that
Supp(ExtjR(R/J,H
i
I(M))/L) ⊆ V (m).
Proof. In view of [5, Corollary 3.3] and Lemma 2.10 the set AssR Ext
j
R(R/J,H
i
I(M)) is
finite. Let
AssR Ext
j
R(R/J,H
i
I(M))\{m} = {p1, . . . , pn}.
Since pk 6= m for all k = 1, . . . , n and heightm/I = 2, it follows that height pk/I ≤ 1,
and so dimRpk/IRpk ≤ 1 for all k = 1, . . . , n. Hence by [5, Corollary 2.7] the Rpk -
modules of (ExtjR(R/I,H
i
I(M)))pk are finitely generated for all k = 1, . . . , n. Therefore,
by [14, Lemma 1], the Rpk-modules of (Ext
j
R(R/J,H
i
I(M)))pk are finitely generated for
all k = 1, . . . , n. Consequently for every k = 1, . . . , n, there exists a finitely generated
submodule Tk of Ext
j
R(R/J,H
i
I(M)) such that (Tk)pk = (Ext
j
R(R/J,H
i
I(M)))pk . Let K :=
T1 + · · ·+ Tn. Then K is a finitely generated submodule of Ext
j
R(R/J,H
i
I(M)) and
Supp(ExtjR(R/J,H
i
I(M))/K) ∩ {p1, . . . , pn} = ∅.
So that dimExtjR(R/J,H
i
I(M))/K ≤ 1. Now if Supp(Ext
j
R(R/J,H
i
I(M))/K) ⊆ {m},
then the result follows for L = K. We may therefore assume that
dimExtjR(R/J,H
i
I(M))/K = 1.
Let AssR Ext
j
R(R/J,H
i
I(M))/K\{m} = {q1, . . . , qs}. Then, as the above, the Rqt-module
of (ExtjR(R/J,H
i
I(M))/K)qt is finitely generated for t = 1, . . . , s. Hence there exists a
finitely generated submodule Lt/K of Ext
j
R(R/J,H
i
I(M))/K such that
(ExtjR(R/J,H
i
I(M))/K)qt = (Lt)qt .
Let L := L1+· · ·+Ls+K. Then L is a finitely generated submodule of Ext
j
R(R/J,H
i
I(M))
and
Supp(ExtjR(R/J,H
i
I(M))/L) ∩ {q1, ..., qs} = ∅.
Since SuppExtjR(R/J,H
i
I(M))/L ⊆ SuppExt
j
R(R/J,H
i
I(M))/K, it follows that
SuppExtjR(R/J,H
i
I(M))/L ⊆ {m},
as required. 
We are now ready to state and prove the second main theorem of the paper, which is a
characterization of the finiteness of the Bass numbers of (d− 1)th local cohomology of M
with respect to an arbitrary ideal I in terms of the I-cominimaxness of Hd−1I (M), where
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d = dimM . Before we state theorem, let us recall that a sequence x1, . . . , xn of element
of an ideal I of R is called an I-filter regular M-sequence, provided:
Supp((x1, . . . , xi−1)M :M xi)/(x1, . . . , xi−1)M) ⊆ V (I),
for all i = 1, . . . , n. In the case of (R,m) a local ring and I = m, we recover filter regular
sequences as studied in several papers (cf. e.g. [22]).
Theorem 2.12. Let (R,m) be a local (Noetherian) ring, I an ideal of R and M a finitely
generated R-module of dimension d. Then the following conditions are equivalent:
(i) The Bass numbers of the R-module Hd−1I (M) are finite.
(ii) Soc(Hd−1I (M)) is finitely generated.
(iii) Hd−1I (M) is I-cominimax.
Proof. The conclusion (i)=⇒(ii) is obviously true. In order to prove (ii)=⇒ (i), let
SocHd−1I (M) is a finitely generated R-module. Then, according to Melkersson’s The-
orem [19, Proposition 1.4], Γm(H
d−1
I (M)) is Artinian. Therefore the Bass numbers of
Γm(H
d−1
I (M)) are finite. Now, it follows from Theorem 2.9 that the Bass numbers of
Hd−1I (M) are finite, as required.
In order to prove the implication (iii)=⇒(ii), it follows from [2, Corollary 2.8] that the R-
module ExtjR(R/m, H
d−1
I (M)) is minimax for all j ≥ 0. Now it easily seen from definition
that ExtjR(R/m, H
d−1
I (M)) is of finite length for all j ≥ 0. In particular the R-module
HomR(R/m, H
d−1
I (M)) is finitely generated, as required.
Finally for the proof of (i)=⇒ (iii), let dimR/I = n. For n ≤ 1 this follows by [5,
Corollary 2.7]. Hence we may assume that n ≥ 2. Let x1, ..., xn−1 ∈ m be a filter
regular sequence on R/I. Let Ks := I + (x1, . . . , xs) for s = 0, 1, . . . , n − 1. We first
show by induction on t, that the R-module ExtjR(R/Kn−t−1, H
d−1
I (M)) is minimax for all
j ≥ 0. Since x1 + I, . . . , xn−1 + I is a part of system of parameters for R/I, it follows
that dimR/Kn−1 = 1, and so the result is evidently true for t = 0, by Theorem 2.3.
Suppose that n − 1 ≥ t > 0 and the case t − 1 is settled. Since Γm(R/Kn−t−1) is a
finitely generated R-module with Supp(Γm(R/Kn−t−1)) ⊆ {m}, it follows that from [14,
Lemma 1] and hypothesis (i) that the R-module ExtjR(Γm(R/Kn−t−1), H
d−1
I (M)) is finitely
generated for all j ≥ 0. Now, as Γm(R/Kn−t−1) = J/Kn−t−1 for some ideal J of R, from
the exact sequence
0 −→ J/Kn−t−1 −→ R/Kn−t−1 −→ R/J −→ 0,
we get the following long exact sequence,
· · · −→ Extj−1R (J/Kn−t−1, H
d−1
I (M)) −→ Ext
j
R(R/J,H
d−1
I (M)) −→
−→ ExtjR(R/Kn−t−1, H
d−1
I (M)) −→ Ext
j
R(J/Kn−t−1, H
d−1
I (M)) −→ · · · .
Hence we get that the R-module ExtjR(R/Kn−t−1, H
d−1
I (M)) is minimax if and only if the
R-module ExtjR(R/J,H
d−1
I (M)) is minimax for all j ≥ 0. Now, as x1, . . . , xn−1 is a filter
regular sequence on R/I in m, it follows from definition that
xn−t 6∈
⋃
p∈AssR(R/Kn−t−1)\{m}
p.
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Therefore, it follows from
AssR(R/J) = AssR(R/Kn−t−1)\{m}
that xn−t 6∈ ∪p∈AssR R/Jp, and so xn−t is an R/J-regular element in m. Consequently, the
exactness
0 −→ R/J
xn−t
−→ R/J −→ R/J +Rxn−t −→ 0,
implies that the sequence
0 −→ Extj−1R (R/J,H
d−1
I (M))/xn−t Ext
j−1
R (R/J,H
d−1
I (M)) −→
−→ ExtjR(R/J +Rxn−t, H
d−1
I (M)) −→ (0 :Extj
R
(R/J,Hd−1
I
(M)) xn−t) −→ 0,
is exact. Since Supp(R/J + Rxn−t) ⊆ V (Kn−t), (note that Kn−t ⊆ J + Rxn−t,) the
induction hypothesis and [14, Lemma 1] yield that the R-module
ExtjR(R/J +Rxn−t, H
d−1
I (M)),
is minimax, for all j ≥ 0. Therefore the R-module (0 :Extj
R
(R/J,Hd−1
I
(M)) xn−t) is minimax.
Now, let p ∈ SuppHd−1I (M)\{m}. Then, by [19, Proposition 5.1] and Vanishing theorem
the Rp-module (H
d−1
I (M))p, is IRp-cofinite. As I ⊆ J ⊆ J + Rxn−t, it follows from [14,
Lemma 1] that the Rp-module (Ext
j
R(R/J,H
d−1
I (M)))p is finitely generated. Moreover,
as in view of [20, Corollary 3.3] the set SuppHd−1I (M) is finite, it follows that the set
AssR Ext
j
R(R/J,H
d−1
I (M)) is finite. Therefore, by the proof of Lemma 2.11, there exists
a finitely generated submodule L of ExtjR(R/J,H
d−1
I (M)) such that
SuppExtjR(R/J,H
d−1
I (M))/L ⊆ {m}.
Next, from the exact sequence
0 −→ L −→ ExtjR(R/J,H
d−1
I (M)) −→ Ext
j
R(R/J,H
d−1
I (M))/L −→ 0,
we get the exact sequence
(0 :Extj
R
(R/J,Hd−1
I
(M)) xn−t) −→ (0 :Extj
R
(R/J,Hd−1
I
(M))/L xn−t) −→ Ext
1
R(R/Rxn−t, L).
Hence, it yields that the R-module (0 :Extj
R
(R/J,Hd−1
I
(M))/L xn−t) is minimax. Since
Supp(0 :Extj
R
(R/J,Hd−1
I
(M))/L xn−t) ⊆ {m}, it follows from the definition that the R-module
(0 :Extj
R
(R/J,Hd−1
I
(M))/L xn−t) is Artinian. As (0 :Extj
R
(R/J,Hd−1
I
(M))/L xn−t) is Rxn−t−torsion,
according to Melkersson [19, Proposition 1.4] ExtjR(R/J,H
d−1
I (M))/L is an Artinian R-
module. That is ExtjR(R/J,H
d−1
I (M)) is a minimax R-module, as required. 
Corollary 2.13. Let (R,m) be a regular local ring of dimension d ≥ 1 containing a field
and let I be an ideal of R. Then the R-module Hd−1I (R) is I-cominimax .
Proof. The result follows from Theorem 2.12 and the fact that the Bass numbers of the
R-module Hd−1I (R) are finite (see [13, 17]). 
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Corollary 2.14. Let (R,m) be a local (Noetherian) ring and I an ideal of R. Let M be
a finitely generated R-module of dimension d. Then the Bass numbers of the R-module
Hd−1I (M) are finite, whenever m 6∈ AssRH
d−1
I (M).
Proof. Since AssR(SocH
d−1
I (M)) = V (m) ∩ AssRH
d−1
I (M), it follows from
m 6∈ AssR(H
d−1
I (M))
that AssR(SocH
d−1
I (M)) = ∅. Hence SocH
d−1
I (M) = 0, and so the result now follows
from Theorem 2.12. 
Corollary 2.15. Let (R,m) be a local (Noetherian) ring. Let I be an ideal of R and x ∈ m
such that I ⊆ Rx. Then for each non-zero finitely generated R-module M of dimension
d ≥ 1, the R-module Hd−1I (M) is I-cominimax. In particular, the Bass numbers of
Hd−1I (M) are finite.
Proof. When d = 1 there is nothing to prove. In the case that d = 2, it follows from [3,
Theorem 2.3] that the R-module HomR(R/I,H
1
I (M)) is finitely generated and so the R-
module Soc(H1I (M)) is finitely generated. Now the assertion follows from Theorem 2.12.
Finally, for d ≥ 3, it follows from [1, Lemma 2.5] that the map Hd−1I (M)
x
−→ Hd−1I (M)
is an isomorphism, and so Soc(Hd−1I (M)) = 0. Now the assertion again follows from
Theorem 2.12. 
Corollary 2.16. Let (R,m) be a regular local ring and I an ideal of R such that
height(I) = 1. Then for each non-zero finitely generated R-module M of dimension
d ≥ 1, the R-module Hd−1I (M) is I-cominimax. In particular, the Bass numbers of
Hd−1I (M) are finite.
Proof. Since R is a UFD and height(I) = 1, it follows that I is contained in a principal
prime ideal. Now the assertion follows from Corollary 2.15. 
We are now ready to show that the subjects of the previous results can be used to
prove a characterization of the finiteness of the Bass numbers of ith local cohomology of
M with respect to an ideal I of dimension 2, i.e., where dimR/I = 2, in terms of the
I-cominimaxness of H iI(M). The main result is Theorem 2.19. The following theorem
will serve to shorten the proof of the main theorem.
Theorem 2.17. Let (R,m) be a local (Noetherian ) ring and let I be an ideal of R with
dimR/I = 2. Let M be a finitely generated R-module and i a non-negative integer. Then
the following conditions are equivalent:
(i) The Bass numbers of H iI(M) are finite.
(ii) The R-module H iI(M) is I-cominimax.
Proof. First we show the implication (i)=⇒ (ii). Suppose that Γm(R/I) := J/I. Then
Supp J/I ⊆ {m}, and so it follows from [14, Lemma 1] and the assumption (i) that the
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R-module ExtjR(J/I,H
i
I(M)) is finitely generated for all j ≥ 0. Now, the exact sequence
0 −→ J/I −→ R/I −→ R/J −→ 0
induces a long exact sequence
· · · −→ Extj−1R (J/I,H
i
I(M)) −→ Ext
j
R(R/J,H
i
I(M)) −→
−→ ExtjR(R/I,H
i
I(M)) −→ Ext
j
R(J/I,H
i
I(M)) −→ · · · .
Therefore H iI(M) is I-cominimax if and only if the R-module Ext
j
R(R/J,H
i
I(M)) is min-
imax for all j ≥ 0.
It is easy to see that Γm(R/J) = 0. Hence, by [6, Lemma 2.1.1] m contains an R/J-
regular element x. Then dimR/J/x(R/J) = dimR/J − 1, and so dimR/J + Rx = 1.
Furthermore, the exact sequence
0 −→ R/J
x
−→ R/J −→ R/J +Rx −→ 0
gives us an exact sequence
0 −→ Extj−1R (R/J,H
i
I(M))/xExt
j−1
R (R/J,H
i
I(M)) −→
−→ ExtjR(R/J +Rx,H
i
I(M)) −→ (0 :Extj
R
(R/J,Hi
I
(M)) x) −→ 0
Now, since dimR/J+Rx = 1, it follows from the assumption (i) and Theorem 2.3 that the
R-module ExtjR(R/J +Rx,H
i
I(M)) is minimax, for all j ≥ 0. On the other hand, in view
of Proposition 2.11, there exists a finitely generated submodule L of ExtjR(R/J,H
i
I(M))
such that Supp(ExtjR(R/J,H
i
I(M))/L) ⊆ {m}. Now, from the exact sequence
0 −→ L −→ ExtjR(R/J,H
i
I(M)) −→ Ext
j
R(R/J,H
i
I(M))/L −→ 0
we obtain the exact sequence
(0 :Extj
R
(R/J,Hi
I
(M)) x) −→ (0 :Extj
R
(R/J,Hi
I
(M))/L x) −→ Ext
1
R(R/Rx, L),
which implies that the R-module (0 :Extj
R
(R/J,Hi
I
(M))/L x) is minimax. As
Supp(0 :Extj
R
(R/J,Hi
I
(M))/L x) ⊆ {m},
it follows from the definition that the R-module (0 :Extj
R
(R/J,Hi
I
(M))/L x) is Artinian. Since
(0 :Extj
R
(R/J,Hi
I
(M))/L x) is Rx-torsion, it follows from Melkersson’s result (see [19, Proposi-
tion 1.4]) that ExtjR(R/J,H
i
I(M))/L is an Artinian R-module, and so Ext
j
R(R/J,H
i
I(M))
is a minimax R-module, as required.
For prove (ii)=⇒(i) first observe that the R-module ExtjR(R/m, H
i
I(M)) is minimax,
for all j ≥ 0, and so by the definition, ExtjR(R/m, H
i
I(M)) has finite length. There-
fore µj(m, H iI(M)) is finite, for all j ≥ 0. Now, let p ∈ SuppH
i
I(M)\V (m). Then
dimRp/IRp ≤ 1 as easily seen. Therefore the Rp-module of H
i
I(M)p is IRp-cofinite,
and so the Bass numbers of H iI(M)p are finite. Since the Bass numbers are stable un-
der the localization, it follows that the Bass numbers of H iI(M) are finite, as required. 
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The next result is an immediate consequence of Theorem 2.17 and Huneke-Sharp-
Lyubeznik’ results.
Corollary 2.18. Let (R,m) be a regular local ring of dimension d ≥ 2 containing a field
and let I be an ideal of R with dimR/I = 2. Then the R-module H iI(R) is I-cominimax
for all i ≥ 0.
Proof. The result follows from Theorem 2.17 and the fact that the Bass numbers of the
R-module H iI(R) are finite (see [13, 17]), for all i ≥ 0. 
We are now ready to state and prove the third main theorem of the paper, which is a
characterization of the finiteness of the Bass numbers of ith local cohomology of M with
respect to an ideal I of dimension 2, in terms of the I-cominimaxness of H iI(M).
Theorem 2.19. Let (R,m) be a local (Noetherian) ring, and let I be an ideal of R such
that dimR/I = 2. Let M be a finitely generated R-module and t a non-negative integer.
Then the following conditions are equivalent:
(i) SocH iI(M) is finitely generated for all i ≤ t.
(ii) ExtjR(R/m, H
i
I(M)) is finitely generated for all j ≥ 0 and for all i ≤ t− 1.
(iii) H iI(M) is I-cominimax, for all i ≤ t− 1.
Proof. The implication (ii)=⇒ (i) follows from [15, Corollary 3.5]. In order to prove (i)=⇒
(ii), as AssRH
i
I(M) is finite (see [5, Corollary 4.3]), we can find an element x ∈ m, such
that x 6∈
⋃
p∈Assh(R/I) p, and V (Rx) ∩ (
⋃t
i=0AssRH
i
I(M)) ⊆ V (m).
Now, let L := I +Rx. Then it is easy to see that dimR/L = 1, and
H0L(H
i
I(M)) = H
0
Rx(H
i
I(M)) = H
0
m(H
i
I(M)),
is an Artinian R-module for all i ≤ t, by [19, Proposition 4.1] and assumption (i). Now,
for all i ≤ t− 1, there exists the short exact sequence
0 −→ H1Rx(H
i
I(M)) −→ H
i+1
L (M) −→ H
0
Rx(H
i+1
I (M)) −→ 0,
(cf. for instance [21, Corollary 3.5]). Since H i+1L (M) is L-cofinite and
H0Rx(H
i+1
I (M)) = H
0
m(H
i+1
I (M))
is Artinian, it follows from [5, Lemma 2.1] that ExtjR(R/L,H
1
Rx(H
i
I(M))) is minimax for
all j ≥ 0 and i ≤ t − 1. Furthermore, since HkRx(H
i
I(M)) = H
k
L(H
i
I(M)), for all k ≥ 0,
it follows that HkL(H
i
I(M)) = 0 for all k ≥ 2. Hence Ext
j
R(R/L,H
k
L(H
i
I(M))) is minimax
for all j ≥ 0, k ≥ 0 and i ≤ t− 1, and so in view of [19, Proposition 3.9], the R-module
ExtjR(R/L,H
i
I(M)) is minimax for all j ≥ 0 and i ≤ t− 1. Consequently, by [2, Theorem
2.7] the R-module Ki, j := Ext
j
R(R/m, H
i
I(M)) is minimax for all j ≥ 0 and i ≤ t − 1.
Hence there is a finitely generated submodule Ni, j of Ki, j , such that Ki,j/Ni, j is Artinian.
As mKi, j = 0 and m(Ki, j/Ni, j) = 0, it follows that Ki, j has finite length, as required.
For proving (ii)=⇒(iii), first we use the proof of implication (ii)=⇒(i) in Theorem
2.17, to see that the Bass numbers of H iI(M) are finite, for all i ≤ t − 1. Now, the
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assertion follows from Theorem 2.17. Finally the implication (iii)=⇒(ii) follows again
from Theorem 2.17. 
We end the paper by drawing some concequences of Theorem 2.19. The first conse-
quence will help us to construct a certain subset of SpecR which is countable.
Corollary 2.20. Let (R,m) be a local (Noetherian) ring and let I be an ideal of R with
dimR/I = 2. Let M be a finitely generated R-module such that m 6∈ ∪i≥0AssR(H
i
I(M)).
Then ExtjR(R/m, H
i
I(M)) is finitely generated for all j ≥ 0 and all i ≥ 0.
Proof. Since m 6∈ ∪i≥0AssR(H
i
I(M)), it follows that SocH
i
I(M) = 0 for all i ≥ 0. Now
the assertion follows from Theorem 2.19. 
Proposition 2.21. Let R be a Noetherian ring and I an ideal of R such that dimR/I = 2.
For a finitely generated R-module M , let
Σ := {p ∈ Spec(R) : µj(p, H iI(M)) =∞ for some integers i ≥ 0 and j ≥ 0}.
Then Σ is countable and Σ ⊆ Max(R).
Proof. In order to show that Σ ⊆ Max(R), let p ∈ Σ\Max(R). Then it follows from the
definition that p ∈ V (I), and it is easy to see that height(p/I) ≤ 1. Hence it follows from
[5, Corollary 2.10] that p 6∈ Σ, which is a contradiction. Thus Σ ⊆ Max(R).
On the other hand, as for all integers n ≥ 1 and i ≥ 0, the sets AssRExt
i
R(R/I
n,M)
are finite and H iI(M) = lim−→
n≥1
ExtiR(R/I
n,M), it follows that the set
⋃
i≥0AssRH
i
I(M)
is countable. Now, in order to complete the proof, it is enough to show that Σ ⊆⋃
i≥0AssRH
i
I(M). To do this suppose that the contrary is true. Then there is m ∈
Σ\
⋃
i≥0AssRH
i
I(M). Hence, by [5, Corollary 2.10] we have height(m/I) = 2, and so it
follows from Corollary 2.20 that m 6∈ Σ, which is a contradiction. 
Corollary 2.22. Let R be a Noetherian ring, M a finitely generated R-module and I an
ideal of R such that dimM/IM = 2 . Let
Σ := {p ∈ Spec(R) : µj(p, H iI(M)) =∞ for some integers i ≥ 0 and j ≥ 0}.
Then Σ is countable and Σ ⊆ Max(R).
Proof. As dimM/IM = 2 it follows from that dimR/I + AnnRM = 2. Now the result
follows from H iI(M)
∼= H iI+AnnR(M)(M) and Proposition 2.21. 
Corollary 2.23. Let (R,m) be a local (Noetherian) ring, and let I be an ideal of R such
that dimR/I = 3. Let M be a finitely generated R-module. Then the set
Σ := {p ∈ Spec(R) : µj(p, H iI(M)) =∞ for some integers i ≥ 0 and j ≥ 0},
is countable.
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Proof. Let p ∈ Σ\{m}. Then by [5, Corollary 2.10] we have height(p/I) = 2, and so it
follows from Corollary 2.20 that p ∈
⋃
i≥0AssRH
i
I(M). Thus Σ\{m} ⊆
⋃
i≥0AssRH
i
I(M),
and so the set Σ is countable. 
Corollary 2.24. Let (R,m) be a local (Noetherian) ring, M a finitely generated R-module
and I an ideal of R such that dimM/IM = 3. Then the set
Σ := {p ∈ Spec(R) : µj(p, H iI(M)) =∞ for some integers i ≥ 0 and j ≥ 0}
is countable.
Proof. As dimM/IM = 3 it follows that dimR/I+AnnR(M) = 3. Now the result follows
from H iI(M)
∼= H iI+AnnR(M)(M) and Corollary 2.23 . 
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